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The path integral for the relativistic spinless Aharonov-Bohm-Coulomb system is solved, and the
energy spectra are extracted from the resulting amplitude.
I. INTRODUCTION
With the help of Duru and Kleinert’s path-dependent time transformation [1] the list of solvable path integrals has
been extended to essentially all potential problems which possess a solvable Schro¨dinger equation [2,3]. Only recently
has the technique been extended to relativistic potential problems [4], followed by two applications [5{8]. Here we’d
like to add a further application by solving the path integral of relativistic particle in two dimensions in the presence
of an innitely thin Aharonov-Bohm magnetic eld along the z-axis [9] and a 1=r-Coulomb potential (ABC system).
This may be relevant for understanding the behavior of relativistic charged anyons which are restricted to a plane
but whose Coulomb eld extends into three dimensions [2,10].
II. THE RELATIVISTIC PATH INTEGRAL
Adding a vector potential A(x) to Kleinert’s relativistic path integral for a particle in a potential V (x) [4,2], we
























A(x)  x0()− ()







For the ABC system under consideration, the potential is
V (r) = −e2=r; (3)
and the vector potential
Ai = 2g@i; (4)
where e is the charge and  is the azimuthal angle around the tube:
(x) = arctan(x2=x1): (5)
The associated magnetic eld lines are conned to an innitely thin tube along the z-axis:
B3 = 2g3jk@j@k = 2g2
(2)(x?); (6)
where x? is the transverse vector x?  (x1; x2):
Before time-slicing the path integral, we have to regularize it via a so-called f -transformation [2,5], which exchanges
the path parameter  by a new one s:
d = dsfl(xn)fr(xn−1); (7)
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where fl(x) and fr(x) are invertible functions whose product is positive. The freedom in choosing fl;r amounts to
an invariance under path-dependent-reparametrizations of the path parameter  in the xed-energy amplitude (1).
By this transformation, the (D+1)-dimensional relativistic xed-energy amplitude for arbitrary time-independent








































An  (xn − xn−1)
−snnfl(xn)fr(xn−1)







A family functions which regulates the ABC system is
fl(x) = f(x)
1−; fr(x) = f(x)
; (10)











































An  (xn − xn−1) − 
s
nnrn (rn−1=rn)









Since the path integral represents the general relativistic resolvent operator, all results must be independent of the











A  x0 − r







We now solve the s-sliced ABC system as in the case of the two-dimensionel Coulomb problem without the Aharonov-













and write this in a matrix form:
x = A(u)u: (15)
For every slice, the coordinate transformation reads







where un  (un + un−1)=2. For the sliced AB potential, the Levi-Civita transformation yields
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[G(ub;ua;S) +G(−ub;ua;S)] ; (19)
where G(ub;ua;S) is the s-sliced amplitude of a harmonic oscillator in an Aharonov-Bohm vector potential corre-




























































The symmetrization in ub in Eq. (19) is necessary since for each path from xa to xb, there are two paths in the square
root space, one from ua to ub and one from ua to −ub.
As in the two-dimensional Coulomb problem, there are no s-slicing corrections [2].
Let us now analyze the eect come form the magnetic interaction upon the Coulomb system, dening the azimuthal
angle ’(u) = arctan(u2=u1) = (x)=2 in the u-plane, so that A = 2g@’; B3 = 2g3jk@j@k’. Note that derivatives
in front of ’(u) commute everywhere, except at the origin where Stokes’ theorem yieldsZ
d2u(@1@2 − @2@1)’ =
I
d’ = 2 (23)



















The minus sign is a matter of convention. Since the particle orbits are present at all times, their worldlines in spacetime








is the topological invariant with integer values of the winding number n. The magnetic interaction is therefore a
purely topological one, its value being
Amag = −h04n: (29)
After adding this to the action of Eq. (20) in the radial decomposition of the relativistic path integral [5,6], we rewrite














Since the winding number n is often not easy to measure experimentally, let us extract observable consequences which































where  denotes the ne-structure constant   e2=hc  1=137. This action describes a particle of mass m = 4M





In addition, there is an extra attractive potential Vextra = −4h
22=2mu2 looking like an inverted centrifugal barrier
which is comveniently parametrized with the help of a corresonding angular momentum lextra, whose square is negative:
l2extra  −4
2; writing Vextra = h
2l2extra=2mu
2. Such an extra potential can easily be incorporated into the amplitude
of the pure Coulomb system by a technique developed in the treatment of the radial part of the harmonic oscillator












































These radial amplitudes can now be combined with angular wave functions to nd the full amplitude (30).
Inserting the result into the integral representation (19) for the resolvent, we use polar coordinates in x-space with


























































W;=2 (tb)M;=2 (tb) ; (38)
with the range of validity
b > a > 0;
Re[(1 + )=2− ] > 0;
Re(t) > 0; j arg t j< ;
where M; and W; are the Whittaker functions. In this way, we obtain the nal result for the radial amplitude

























































= −nr; nr = 0; 1; 2;    : (40)














2 j k + 0 j
−
3
8 (n+ j k + 0 j−1=2)

+ : : :
9>=>; ; (41)
for n = 1; 2; 3;   . In the non-relativistic limit, the spectra reduces to that in Ref. [11{13].
The alert reader will have noted the similarity of the techniques used in this paper to those leading to the solution
of the path integral of the dionium atom [14].
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